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Boson Representation of Spin Operators
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The derivation of the boson representation of spin operators is given which reproduces the
Holstein-Primakoff and Dyson-Maleev transformations in the corresponding cases. The suggested
formalism allows to address some subtle issues which appear crucial for treating certain class of
problems. Moreover, the transformation is suggested which is naturally related to the symmetry of
the spin systems.
PACS numbers: 75.10.Dg, 75.30.Ds, 75.10.Pq
The boson representation of spin operators was first de-
veloped by Holstein and Primakoff in the context of quan-
tum magnetism [1]. However, due to technical difficul-
ties inherent to the Holstein-Primakoff transformation,
Dyson presented an alternative approach to the problem
[2, 3]. Based on the Dyson theory, Maleev suggested an-
other representation of spin operators [4]. In addition, an
important extension of the Maleev result was reported in
Ref. [5], where the conjugated Dyson-Maleev transforma-
tion is derived. Although the Holstein-Primakoff and the
Dyson-Maleev transformations represent the basic tools
for treating the spin or pseudo-spin dynamics in various
fields of quantum theory, there still remain certain subtle
points which remain to be addressed. Below, the deriva-
tion of the boson representation of spin operators is given
which permits to solve such issues, and to find the trans-
formation that is consistent with the group-theoretical
treatment of the spin systems [6, 7].
Let us first recall some relevant relations of the quan-
tum theory of angular momentum. In particular, the spin
operator Sˆ = (Sˆx, Sˆy, Sˆz) can be introduced through the
commutation rules [7]:
SˆzSˆ+ − Sˆ+Sˆz = Sˆ+ , (1)
Sˆ−Sˆz − SˆzSˆ− = Sˆ+ , (2)
Sˆ+Sˆ− − Sˆ−Sˆ+ = 2Sˆz , (3)
with Sˆ± = Sˆx ± iSˆy. Assuming that Sˆz is diagonal, we
have:
Sˆz|M,S〉 =M |M,S〉 . (4)
Here S stands for the spin magnitude. The result of
operating with Sˆ+ and Sˆ− on |M,S〉 follows from the
commutation rules. In particular, the straightforward
calculations give
SˆzSˆ±|M,S〉 = (M ± 1)Sˆ±|M,S〉 . (5)
That is Sˆ±|M,S〉 = |M ± 1, S〉. Nevertheless, M =
−S,+S as the spin magnitude is S. That implies:
Sˆ+|+ S, S〉 = 0 , (6)
Sˆ−| − S, S〉 = 0 . (7)
The expressions for Sˆ2 = Sˆx2+Sˆy2+Sˆz2 can be derived
from Eqs. (1), (2) and (3):
Sˆ
2 = Sˆ+Sˆ− + Sˆz(Sˆz − 1) , (8)
Sˆ
2 = Sˆ−Sˆ+ + Sˆz(Sˆz + 1) . (9)
These equations, in combination with Eqs. (6) and (7),
give
Sˆ
2 = S(S + 1) . (10)
The main idea of the boson representation of spin op-
erators is based on the following assumption [1, 2]:
Sˆz = −S + aˆ+aˆ , (11)
where the ground state of the spin is chosen to be |−S, S〉.
Moreover, Sˆ+ = Sˆ+(aˆ+, aˆ) and Sˆ− = Sˆ−(aˆ+, aˆ). The op-
erators aˆ and aˆ+ obey the canonical boson commutation
relation [8]:
[aˆ , aˆ+] = 1 . (12)
Note that, the eigenvalues of nˆ = aˆ+aˆ are nonnegative
integers N . However, since M = −S,+S, the physical
range of the eigenvalues is 0 ≤ N ≤ 2S. Therefore,
similar to Eqs. (6) and (7), we must require that
Sˆ+(aˆ+, aˆ)|2S〉 = 0 , (13)
Sˆ−(aˆ+, aˆ)|0〉 = 0 . (14)
So, the problem reduces to the derivation of Sˆ+(aˆ+, aˆ)
and Sˆ−(aˆ+, aˆ) that obey the commutation rules (1), (2),
(3) as well as Eqs. (13) and (14).
First, let us derive the expression for Sˆ+(aˆ+, aˆ). This
can be done with the help of the following general rela-
tions [8]:
[aˆ , f ] =
∂f
∂aˆ+
, (15)
[aˆ+, f ] = −∂f
∂aˆ
. (16)
Here f ≡ f(aˆ+, aˆ). Taking into account these relations,
from Eqs. (1) and (11) we obtain
aˆ+
∂Sˆ+
∂aˆ+
− ∂Sˆ
+
∂aˆ
aˆ = Sˆ+ . (17)
2Then, expanding Sˆ+ as
Sˆ+ =
∞∑
m,n=0
S+m,naˆ
+maˆn , (18)
and inserting into Eq. (17) directly gives m = n + 1.
Therefore,
Sˆ+ = aˆ+
∞∑
n=0
S+n+1,naˆ
+naˆn ≡ aˆ+Φ+ . (19)
Besides the normal-ordered form provided by Eq. (19),
Φ+ is unspecified. However, by virtue of Eq. (13),
Φ+|2S〉 = 0 , (20)
must be fulfilled. Unfortunately, that crucial point is
often overlooked.
The equation for Sˆ−(aˆ+, aˆ) can be derived in the sim-
ilar manner from Eqs. (2) and (11):
∂Sˆ−
∂aˆ
aˆ− aˆ+ ∂Sˆ
−
∂aˆ+
= Sˆ− . (21)
Inserting
Sˆ− =
∞∑
m,n=0
S−m,naˆ
+maˆn , (22)
in Eq. (21) leads to n = m+ 1. As a result, Sˆ− reads
Sˆ− =
∞∑
m=0
S−m,m+1aˆ
+maˆmaˆ ≡ Φ−aˆ . (23)
By definition aˆ|0〉 = 0, and so, Eq. (14) is satisfied. Thus,
at this stage of calculations, Φ− is the unspecified func-
tion given by Eq. (23).
From Eqs. (19) and (23) it follows that
Sˆ+Sˆ− = aˆ+Φ+Φ−aˆ . (24)
This expression suggests that it is more convenient to
proceed further on the basis of Eq. (8) instead of Eq. (3).
Indeed, Eqs. (8), (10) and (24) give:
aˆ+Φ+Φ−aˆ = 2S aˆ+aˆ− aˆ+2aˆ2 . (25)
Then, it is easy to see that
Φ+Φ− = 2S − aˆ+aˆ . (26)
Thus, Φ+ and Φ− can be determined by factorization of
the right-hand side of Eq. (26). In doing so Eq. (20) must
be satisfied.
There exist multiple solutions to that problem. For
example, the choice
Φ+ = Φ− =
√
2S − aˆ+aˆ , (27)
leads to the Holstein-Primakoff transformation [1]. Al-
though Eq. (20) is fulfilled, it should be noted that the
normal-ordered expansion of
√
2S − aˆ+aˆ reads [8]:
√
2S − aˆ+aˆ =
∞∑
m=0
m∑
n=0
(−1)n
√
2S − (m− n)
(m− n)!n! aˆ
+maˆm.
(28)
In order for Eq. (28) to be useful it is necessary to trun-
cate this expansion at some order. However, that is not
consistent with Eq. (20), and Eq. (10) is no longer satis-
fied in this case.
The conjugated Dyson-Maleev representation [5] is re-
produced by
Φ+ =
√
2S
(
1− aˆ
+aˆ
2S
)
,
Φ− =
√
2S . (29)
Note that, the expressions originally suggested by Maleev
in Ref. [4] do not obey Eq. (20), and therefore, should be
rejected.
The boson representation of spin operators permits to
establish deep connection with the symmetry considera-
tions [6]. In order to show that, let us choose Φ− = −1.
Then we have:
Sˆ+ = −aˆ+(2S − aˆ+aˆ) ,
Sˆ− = −aˆ ,
Sˆz = −S + aˆ+aˆ . (30)
Moreover, since the operators d/dz and z realize the bo-
son commutation relation
[
d
dz
, z] = 1 , (31)
we can make the substitutions aˆ+ → z and a→ d/dz in
Eq. (30) to obtain
Sˆ+ = −2Sz + z2 d
dz
,
Sˆ− = − d
dz
,
Sˆz = −S + z d
dz
. (32)
In the vector space of polynomials of degree not greater
than 2S
zS+M√
(S +M)! (S −M)! ,
set of equations (32) represent Hermitian operators with
respect to the following scalar product [7]
(ϕ, g) =
(2S + 1)!
pi
∫
C
ϕ(z)g(z)
(1 + |z|2)2S+2 d
2z . (33)
3So, we see that Eq. (32) give a well known realization of
the representation of the Lie algebra su(2) [6, 7].
Finally, the corresponding boson representation of spin
operators for the spin ground state |+S, S〉 can be derived
in the similar manner and is given by:
Sˆ+ = −aˆ ,
Sˆ− = −aˆ+(2S − aˆ+aˆ) ,
Sˆz = S − aˆ+aˆ . (34)
It should be noted that both set of equations (30) and
(34) are needed in the quantum theory of antifferomag-
netism, for example.
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